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1. INTRODUCTION 
Here we establish the following type of a result (Theorem 1): 
Let fECn( [a ,b ] ) ,n>l ,  0<h<_b-a .  Then 
0)l(f,h) <~_ ~ IIf(k)[~, "hk h n ( ) q_ -'~,'0")1 f(n),h , (*) 
k=l 
where  w 1 is the first modulus of continuity of f, f(n) (respectively). 
In Theorem 2, we given an Lp-exteusion of inequality (,). In Theorem 3 and Corollary 1, we 
present he analogous to (*) inequalities which involve the second modulus of continuity w2(., t), 
when n is even. Finally, in Theorem 4, we give the multivariate analog of inequality (.). 
2. ONE-D IMENSIONAL RESULTS 
We need to introduce the following. 
DEFINITION 1. (See [1].) Let f E C([a,b]). 
as follows: 
~d I (f, h) := 
Then the (first) modulus of continuity of f is defined 
sup If(x) - f(y)h (1) X,y 
Ix-~l<h 
where 0 < h < b -  a. 
We need the following auxilliary result. 
LEMMA 1. Let [a, b] C R, y E [a, b]. Consider f 
f(n) (X) -- f(n)(y). Then (a < x < b) 
e Cn([a,b]), n > 1, and denote ¢(x) := 
)-~ l(k)(y) 
l (x )  - l (y)  = k! 
k=l 
- - -  (x - y)~ + ~(y ,  x), (2) 
where 
n.(y,  x) := (x - t) - -1  (3) 
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PROOF. By Taylor's Theorem. 
Next comes our first main result. 
THEOREM 1. Let f • cN([a,b]), 1 < n < N and 0 < h <_ b - a. Then 
- k !  
k=l  
h n 
PROOF. From Lemma 1, we have the following: Case of x > y, then 
In.(y,x)l _< f f  f('~)(t)- I(")(Y)I" (=-t)"-l(n- 1)! .dr 
- ~. ,  
where 0 < x -  y < h < b -  a, i.e., 
Case of x < y, then 
('-~)"-' (~(°),h). ( ' -  ~)" 
-(n--- ~. "dt = w, n! 
/ \ h n 
In, ,(y,z) l  < w~ ($("),h) when x > y. 
In.(y,=)l  < ~" .t'('~)(t)_f(n)(y). I=-tn"-~(n  1)! " dt 
<- Wl (f(n),h)" fx u (t-(n_X)n-'l)! "dr 
=Wl ( f (n) ,h) .  (y -x )n  
n! 
where 0 < y -  x < h < b -  a, i.e., 
h_~ n 
I n , , (u ,=) l  < ,,,1 (f("),h). 
- -  \ l n !  ~ 
/ \ h n In,,(y,z)l < ,~, {f ' ) ,h}  • 
- x / ~! '  
Hence, from (5) and (6), we get 
h_~ ~ 
- -  <¢d l  / \ / fC '~) ,h}  • 
- ~, ] n !  ' 
when y > x. 
where 0 <_ lY - 21 < h < b - a. Therefore, from (2) and (7), we find 
(4 )  
(5) 
(6) 
(~) 
where 0 < Ix - Yl < h < b - a. Now from Definition 1 and (8), we establish inequality (4). | 
DEFINiTiON 2. (See [2l-) Let f • LA[a, b]), 1 < p < +o~. C~ (~U)  (=) := f (~  + 6) - f(=); 
x,x + 6 • [a,b]. Also, call I16 := [a,b - 6], where 0 < ~f < b - a. 
Define 
I l l 'SIlL,(,,) := I~Y(=)I". d= 
I f (x ) -  f(Y)l < ~ IIf(~)ll~-h ~ h" - k! + ¥ ,~,  ( i ( " ) ,h ) ,  (8) 
k----1 
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Then, the (first) Lv-modulus of smoothness is given by 
li l lii Wl(f;h)p := sup A 5 Lp(I16)' 
0<~<h 
where 0 < h < b -  a. 
We give next our second main result. 
THEOREM 2. Let f E Cn([a,b]), n E N and 1 < p < +c¢. Then 
C~)l(f;h)P <- (b~/~--a~a) . [kk=l [l'f(k)[l°°k' 
PROOF• From Lemma 1, we get 
k/ (k)(~) f(x + 6) -- f(x) = k! 
k=l 
From (7), we obtain 
and 
hn] • h k +wl  (f(n),h).~. • 
- - . .  6 k + ~n(x,x + 5). 
ITe.(x,z+6)l _ w~ 1("),6 .~.,, 
]T~n(x , x -{- 6)1 < ~1 f(n), h • -~., 
by 0 </5 < h• Hence (by (11) and (12)), 
Thus, 
i.e., 
k=l 
[IAlf[[Lp(/I~) <-- [kk=l []f(k)ll°°k' 
k! • Jr- 021 " ~.•  
h~] 
- -  " hk "4-021 ( f (n ) ,h )  . -~. • ~/b -a -6 ,  
We need to mention the following• 
DEFINITION 3. 
of f is given by 
hn] 
where 
C~ 30:3/5-C 
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(9) 
(10) 
(11) 
(12) 
(See [1, p. 47].) Let f E C([a, b]), [a, b] c R• The second modulus of continuity 
w2(f,h):= sup 
all x,6: 
a~x,x+6,x+26~b 
with[6[~h 
If(x) - 2f(x +6) +f (x  +26)t, (13) 
b-a  
0<h< 
2 
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Regarding w2, we give the following related result. 
THEOREM 3. Let f E cN([a,b]), N E N and newn such that 2 < n < N. Then 
n/2 h 
w2(l,h)<2.)--:' (2:)! ~,;=~., .dr, (14) 
p--I 
where 0 < h < (b - a)/2. 
COROLLARY 1. Let f ~ cN([a, b]), N ~ N, and n even such that 2 < n < N. Then 
n/2 [[f(2p)[[oo. hn 
h (:c-),h), (15) ~(f,h) < 2. ~ (2:)! ¥ 
p----1 
where 0 < h < (b - a)/2. 
PROOF. Use the fact that w2(f (n), t) is increasing in t and upper bound, integrate the remainder 
of (14). | 
PROOF OF THEOREM 3. Let f as in the assumption and x0, y E [a, b] such that x0 ± y E [a, b]. 
Then by Lemma 1, we have 
/ (xo + y) - f (xo) = k! • + 7~,~ (xo, xo + y), (16) 
k----1 
where 
= J'/zo+y _ . 
nn(xo,  xo-Fy) (fCn) (t) fCn)(xo)) (x° -bY- t )n - l 'd t  =V),. 
By the change of variable method, we get 
7~ (xo, xo + y) = ~o~ (f(n) (xo + t) - f( ' )  (xo)) . (y -  t ) ' - I  (n--- ~)! . dt. (17) 
Also, by Lemma 1, we obtain 
I (xo - y) - / (xo) = 
f(k) (~o) 
k! (_y)k + n,,  (xo, xo - y), (18) 
k----1 
where 
i.e., 
----- / xo  -y _ . 
~(X0 'X0- -Y )  JZo (f(n)Ct) /(n) cx0)) (x0--Y--t)n-l('~'---l~.1 "dr 
= - fo-~ (f(") (x° + t) - f(n) (x°)) " (y + t)"-t~-_ )t. .dr 
/ ;  ( f (n)cx°+t)  f ( " )Cxo) ) .CY+t)n - l .d t  
(n-  1)! 
=-- fO (f(n)(xo--t)-- f(n)(ZO)). (Y--t)n-I .dr, 
7~ (xo, xo - y) = /~ (f¢n) (ZO - t) - f(n) (xo)) . (y - t)"-I  -~ -- ~. " dt. 
Consider now the central second order differences 
(n - 1 is odd) 
(19) 
(A~/)  (xo) := f (~o + ~) + Y (~o - y) - 2/(xo) (2o) 
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and 
(At2jr(")) (X0) = jr(")(X0 + t) + jr(.)(x0 -- t) -- 2, f(n)(X0). 
Therefore, from (17) and (19), we get 
o ~ (y - t)"-: 
Adding (16) and (18), we find 
n/2 f(2p) (X0) ~0 y (y _ t)n-1 
p=l 
i.e., 
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(21) 
(22) 
(23) 
where h _> 0 is fixed. 
n/2 f(2p) (XO) Y" [1  (1 -- ~).--I 
(~i)(xo):2.E (2.)~ .~2.. Jo - (~LF"))(x°) ~: - :  .d.. (24) 
p=1 
Next notice that 
l(~.j~,):,o) <_~,(:~.,,o.~ O, ~.~) 
and consider y • [a, b] such that [y] < h <_ (b - a)/2. Thus (n even) 
n/2 1 il~">L.i~I"÷~°-fo (~<~"°i~0 (1-°)"-~ I(A~jr)(-o)l-<2.~ (2,)~ . ,  ~ : : :  .~0 
p=l 
n/2 I 
-< ~ Z I11<'0'II~ • ~'0 + ~° f o (~0) ,  ~, (~(°,,o. ~). (~- °)"1~:::. .~o 
p=l 
n/2 h 
: ,-_v. If'"~ II~ .,' + ]o : ,~ ,  ~, ('~°~,') • (~ -')°-' :n--: ~ '  p=l 
Call x := Xo - y. We have proved that 
"/' Iljr('">ll=. h', I jr(x) - 2jr(x + y) + jr(x + 2y)l = I(A2jr) (xo)[ < 2. ~ (2p)! 
p=l 
+ ~, : : - - :  .~t (26) 
is true for all Xo, y • [a, b] such that Xo + y • [a, b] and 0 < lYi <- h < (b - a)/2. It is now clear 
that 
w2(jr, h) < R.H.S.(26), 
proving inequality (14). | 
3. A MULT ID IMENSIONAL RESULT 
We need the following. 
DEFINITION 4. Let (V1, []. Ill), (V2, ]l" [12) be tea] normed vector spaces and Q a compact subset 
of V1. For a continuous function jr : Q, --* V2, we define its (first) modulus of continuity 
wl(f, h) :-- sup {lljr (~) - .if (MII2 : a~ ~, ff • p, I1~- ~7111 < h}, (27) 
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Next comes the result. 
THEOREM 4. Let Q be a compact and convex subset ofRk; k >_ 1. Let f E On(Q) and suppose 
that each n th partial derivative fa := ~-~, where a = (o/1,. . .  ,ak ) ,  Oti e Z ÷, i ---- 1, . . .  ,k, [a[ = 
k ~-~=I ai = n, has, relative to Q and the £1-norm [[. [[ and [[. [[oo, a modulus of continuity wl (fa, h). 
Here h > 0 is given and we call 
w := max (wl ( f~,h)) ,  
(i.e., wl(fa, h) <_ w, all a : ]a] -- n). Then 
• h~ + w-  - -n - -  T -  
j= l  
(28) 
Here the modulus of continuity of f is taken with respect o [[. []1 := [[-[[tl-norm in Q and 
[[" [[2 := [[" [[oo-supremum norm in Cn(Q). (See Definition 4.) 
PROOF. Consider that ~0 = (xol , . . .  ,xok) E Q is a fixed point and let 
g~(t) := f (~o + t .  (z - ~o)),  t > o. 
Here 
The j th derivative of gx(t) is given by 
g~(o) = I (~o). 
)J] (j) 0 g~ (t) ~" (Zi- -Xoi) ' -~X i I (XOl"~t ' (Z1- -3~O1), ' " ,XOk'~-t ' (Zk- -XOk)) '  
and o),] 
g~J)(o) = (z~ - ~o~)- ~ I (~o1, 
i=1 
k (Here [[z[[~ 1 := )-~i=1 [zi[.) Notice that 
j = l , . . . ,n .  
[( o)J] 
i=l  
given that [[z - xol]~ -< h. Thus 
0 J 
j= l , . . . ,n .  (29) 
By Taylor's Theorem in R k, k > 1, we have 
I (~ - I (~o) = y~ (o) J=~ j--'-Z-. + n .  (~',o), (30) 
where 
,o (,,o, ::/o' (/o"--. (/?-' (*' ('-)-*',o))~,~)...). ~,,. (31) 
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_ _ ~ h and  Here  0 < t < 1, I1~- ollt, < 
There fore ,  
Hence, 
J0'(z (Jo  I~.,, (£o)1  < " "  a l !  : : -ak !  " Izl - xo l l " '  " . .  Izk - zokl ~ '  • w I 
• dr,,) . . .)  . d t l  
(z' ) 
h = =w.~. k", 
i.e., 
w.  h n • k n 
Inn  (~"0)1 -< n! (32) 
Now, from (27) in this setting, (29), (30), (31), and (32), we get the validity of inequality (28). | 
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